A number of more or less well-known, but quite complex, characterizations of stop-loss order are rewewed and proved m an elementary way. Two recent proofs of the stop-loss order preserwng property for the distortion pricing principle are invahdated through a simple counterexample A new proof is presented. It is based on the important Hardy-Littlewood transform, which ~s known to characterize the stop-loss order by reductmn to the usual stochastic order, and the dangerousness characterization of stop-loss order under a fimte crossing condmon Finally, we complete and summarize the main properties of the distortmn pricing principle.
Since its introduction by Biahlmann (1970) , the functional approach to premmm calculation in insurance has seen an lmpresswe development. A first general and rather elementary method to generate valuable prmlng principles consists of the class of quantlle premium calculation prmc,ples by Denneberg (1985/90/94) Several recent contributions around this theme have been made m actuarial science and finance, among others Hurhmann (1993), Wang (1995a Wang ( /b/c, 1996a , Wang et al. (1997) and Chateauneuf et al. (1996) .
For a given set S of non-negative random variables X >_ 0 with finite means, defined on some probability space, and which represent random losses of insurance contracts, a pttcmg principle is a non-negative real function P • S + R, which depends on the distribution F.,(x) of X, and whIch ~s interpreted as price of the Insurance risk From an axiomatic point of view, it ~s well accepted that a pricing principle should satisfy a certain AS I IN BULLETIN, Vo[ 28, No I, 1998, pp 119-134 number of desirable properties. Without repeating all well-known interpretations, the following propertles are qmte reasonable: The last property says that the price functional preserves the stop-loss order, or equivalently the increasing convex order (see Kaas et al. (1994) and Shaked and Shanthikumar (1994) for fundamentals). Requiring that the price functional preserves the usual stochastm order <_~t only, is a less stringent property since stochastic order implies stop-loss order. Though the stop-loss ordering preserving property of the Swiss family of premmm calculation prmoples has been known since its actuarial consideration in Bfihlmann et al. (1977) , the recognmon of _<s/ as a sound ordering of risk seems more recent. For example, the order preserving axiom (P5) Js considered in Hmlmann (1987) but without mention of a specific and accepted pamal order, which could be used as selected ordering of risk. Furthermore, the absolute deviation pnnciple and the Gin1 principle, introduced by Denneberg (1985/90) , and which satisfy propemes (PI)-(P4), and the weaker stochastic order preserwng property, also satisfy (P5), (consequence of our main result m Section 3.2). Previously two qmte similar but different proofs of (P5) have been proposed by Wang (1996a/b) , but both contain an error (see Secnon 3.1).
In view of the above discussion, It seems useful to present a short chronological rewew of some mare non-mvml pricing functmns, which preserve _<s/, and respect whether the remaining axioms (PI)-(P4) are satisfied. The Swiss family is positively homogeneous if, and only if, ~t is the net principle (see Schmldt (1989) , simpler proof by Hurhmann (1997), Example 4.1 (connnued), p. 9). The first genuine pricing prinoples, which satisfy (PI)-(P5), are the absolute devlauon prlnople Denneberg (1985/90) ) and the aim pnnc.ple P[XI=E [X] +O aim[X], 0 < 0 < 1 (Denneberg (1990) ). These functlonals are special cases of the class of distortion pricing principles.
where g(x) is an increasing concave function such that g(0) = 0, g(l) = 1,
is the &stortion of probabilities in Denneberg's setting, and Fx I (u) is a quantlle function of X. The second equahty ~s obtained through partial integration, and shown by elementary calculus in case g(x) is differentlable. The righthand side representation has been introduced by Denneberg (1990) and ItS equivalence with the first integral (up to an alternative appropriate definition of the inverse) has been used by Wang (1996a) (see also Wang et al. (1997) ).
Another attractive special case of (1.1) is the PH-transform principle studied by Wang (1995a/95b/96a/96b) . Previously to the last example had appeared the Dutch principle (see van Heerwaarden (1991) , , Kaas et al. (1994) and a shght generahzatmn of it (see Hurhmann (1994/95a/95b) 
The Dutch family is a special case of the class of so-called "quasHnean value principles" considered recently by the author. However, only sporadic members of this class define feasible price functlonals satisfying (P1)-(P5), of which one may mention the interesting Example 11 1 in Htirlimann (1997a) A generahzatlon of the class of d~stortlon pricing principles is the class of Choquet pricing principles in Chateauneuf et al. (1996) , which is based on the theory of capacltmS and non-ad&tive measures (exposed in Denneberg (1994) ), and breaks with the traditional probabilistic foundations of actuarml science and finance. Finally, let us mentmn that one misses still feasible price functmnals along the economic approach lnitmted by Buhlmann (1980/84) (see the critical cornments by Lemmre (1988) ).
In the present paper, we invalidate Wang's proofs of the property (P5) for the dxstortion pricing principle through a simple counterexample, and focus on a new proof of this important property. Using a two-stage hmmng argument (dominated convergence theorem and continuity property of the distortion pricing functmnal), it ~s possible to restrict the attention to risks, whmh belong to the following large set S consists of all non-negative random variables with fimte means, such that the distribution functions of any two of them cross finitely many times (finite crossing conchtton)
For completeness, we show also that (1 1) satisfies the other properties (PI)-(P4), where our expos~ is intended to be essentially accessible from an elementary perspective.
The paper is organized as follows In Section 2, a number of more or less well-known, but quite complex, characterizations of stop-loss order are reviewed and proved in an elementary way. Since no such proofs have been found m the original and other papers (and books) consulted by the author, the present supplement to the existing hterature will hopefully be helpful for future workers m this area (as It has been to the author). Section 3 is devoted to a derivation of the main propemes of the distortion pricing principle. In Section 3.1 two recent proofs by Wang of the stop-loss order preserving property for the distortion pricing principle are mvahdated through a sample counterexample A new proof is presented in Section 3.2 It IS based on the important Hardy-Littlewood transform, which is known to characterize the stop-loss order by reduction to the usual stochastic order (Theorem 2.3), and the dangerousness characterization of stop-loss order under the finite crossing condmon (I .3) (Theorem 2.2) Finally, we complete and summarize the main properues of the distortion pricing principle m Section 3.3. 
where c is some real number, and the requirement ~tx _< #r (Lemma 2.1). By equal means #x = #v, the ordering relations _<~t and _</2 are precised by writing _<,/.= and _<o,-. The partial stop-loss order by equal means is also called convex order and denoted by _<~,. The probablhstlc attractweness of the partial order relations _<~t and _<s/~s corroborated by several mvarmnce properties (e.g. Kaas et al. (1994) , chap 11.2 and III.2, or Shaked and Shanthlkumar (1994) ). For example, both of _<st and _<,/ are closed under convolution and compounding, and _<s/is additionally closed under mixing and conditional compound Polsson summing
In apphcaUons, to establish stop-loss order comparison properties, one reqmres some fundamental facts and equivalent characterizations. First of all, the following well-known elementary equivalent statements hold:
uniformly for all x E R
A famous and widely known sufficient condition for stop-loss order is summarized m the following property.
Lemma 2.1. ( Karlin-Novikoff (1963) once-crossing condttion, Lemma of Ohlht (1969) ). Let X and Y be random variables with dlstribunons Fx(x), Fy(x) and suppose that X _<D Y, as defined xn (2.2 The following characterization has been used by Kertz and Rosier (1992) , again without proof. 
The first one follows immediately from the integral representation rr,(x) = f~ F,(t)dt.
For the second one, we dastingmsh between two cases. If a_ > -oo, then the equivalence follows from the fact that rc,(c_t) = #, -_a, t = 1,2. If c_t = -oo, the inequahty
can be rearranged to the mequahty The simpler but less precise characterization by crossover points is often sufficient from the theoretacal point of view (an example as Theorem 2 3 below) From a practical point of vmw, Theorem 2.1, together with the ordered sequences (2.8) and (2.12), yields the maximum amount of available reformation for a stop-loss order relation. In thas respect, a detailed apphcatmn of this result shows that Xi _<~l X2 if, and only if, the set C of crossover points is given as follows:
Case 1" n = 2m C = {{a1,0}, {tt, Fi (tl)}, {tz,Fz(t2)}, {t3, FI (t3)},..., {tzm, F2 (t2,,,)}, {b2, 1}}, Case 2. n=2m + l C= { {a2,0}, {11, F2 (/i)}, { 12,Fi (t2)}, {13,F2(13)},..., { t2m+ i, F2 (12,,,+ i )}, {b2, 1}}.
Some applicatmns, whmh use the explicit characterization Theorem 2.1, are given in Hfirhmann (1998a). The once-crossing condition of dangerousness order formulated m Lemma 2.1 as not a transatlve relation Though not a proper partml order, it as an important and main tool used to establish stop-loss order between two random variables In fact, the trana#tn,e (stop-loss)-closure of the order _<o, denoted by _<o., which as defined as the smallest partial order containing all pairs (X, Y) with X _<o Y as a subset, identifies wath the stoploss order. To be precase, X precedes Y an the transmve (stop-loss-)closure of dangerousness, written as X <_o" Y, if there is a sequence of random variables Zi, Z2, Z3, , such that X = Zi, Z, <_o Z,+l, and Zt ~ Y m stoploss convergence (equivalent to convergence m d~str~bution plus convergence of the mean). The equivalence of _<D" and _<~t IS described in detail by Mtiller (1996) (see also ). In case there are finitely many sign changes between the distributions, the stated result s~mplifies as follows. Proof. This is Kaas et al. (1994) , Theorem Ili.1.3 Alternatively, the ordered sequences (2.8) and (2 12) 
By existence of a common mean #~ --//,2, the resulting characterization of the convex order Xl <,~ X2 '~ X~ 1 _<~, X~ 4 is found in equivalent form in van der Vecht (1986), p. 69, which attributes the result to D. Gllat In this situation, there exists also the well-known higher degree stop-loss order reduction property of the Integrated tall transform considered by van Heerwaarden (1991) , p. 69, whose importance lies in actuarial ruin models (see e.g. Embrechts et al (1997) ). For completeness, one may mention a further characterization of the convex order by means of Markov kernels, which goes back to Blackwell (1953) , and still another one by means of fusions for probability measures as studied by Elton and Hill (1992) . For this, the interested reader is referred to Szekli (1995) .
PROPERTIES OF THE DISTORTION PRICING PRINCIPLE
First, we invalidate S. Wang's proofs of the stop-loss order preserving property (P5) for the distortion pricing principle through a simple counterexample Then we focus on a new proof of this important property. For completeness and convenience of the reader, elementary proofs of the other properties (P1)-(P4) are also provided, where reference is made to related results in the literature.
A diatomic counterexample
For real numbers 0 < a2 < al < bl < b2 and for i = l, 2 let Xz be a diatomlc random variable with support {az, b,} and probabilities {p,, 1 -p,}, 0 < p, < 1, and mean/L~ = a, + (I -p~) (b, -a,) . Assume tzl <--/tz and P2 < Pl Then the dangerousness order relation X~ _<o )(2 (a sufficient condition for <~/) holds because #l _< #2 and the survival functions sansfy the Karlin-Novikoff oncecrossing condmon (known as Ohhn's Lemma in actuarial science). 
Wang ( _,
and therefore a correct proof of (P5) must be given.
An elementary proof of the stop-loss order preserving property
In a first step we suppose that X, Y E S. 
For simplicity, assume that g(x) (resp. "7(x)) is dlfferenhable and has an inverse g-I (x) (resp. "7-1 (x)). Then the distortion transform X g has quantlle g -1 -I -function (F~c) : ('70 Fx) , and using (2.14) one obtains for the Hardy- (FOx) (, )Fx'(v)d'7(v) ,O<_u<l f '{F-~l(v)-Fx'(v)}dT(v) >_OforallwE [O,l] .
If iv_> q this is trivial by the second inequality in (3.2) Let now 0 _< iv < q < 1 Since 7(x) is convex, the derivative 7'(x) is increasing, in particular -),'(iv) _< 7'(q) -< -'/'(1). The affirmation follows from the following chain of equalities and inequalities (Z,,,d ]< lira ~f hm P[min (Z,,,,d) 
The first and third equality is a continuity property satisfied by the Choquet integral, and a fortiori by the distortion pricing principle, which is a special case of it (see Denneberg (1994) , or Axiom 4, Theorem 1 to 3 in Wang et al. (1997) ). The second equality is an application of the dominated convergence theorem, which is allowed for risks with finite support
Other properties of the distortion pricing principle
It Js now poss,ble to complete and summarize the main properties of the distortion pricing principle Up to (P5) an advanced proof of this is in Denneberg (1994) , pp. 64 and 71. y -x z -y Two successive applications of this criterion to a < b _< x + a < x + b, respectxvely a < x + a < b < x + b, yields the desired inequality.
[] It suffices to show (P4) for arbitrary Y and a discrete X taking values in {0, ,n}. Indeed, applying (P3), the result holds then for X E {k, ,n + k} and X E {kh, ..,(n+k)h}, k E N+, h > 0 arbitrary. Since any random variable can be approximated closely by a discrete random variable with small enough h, the property will hold for arbitrary X. One uses mathematical reduction. For n = 0 the affirmation is obvious. To show Note added in proof. At the time this paper has been accepted for publication, the author has received a related paper by Dhaene et al. (1997) . These authors present in particular an alternative proof of the stoploss order preserving property of the distortion functional, whose Idea is due to A. Mfiller Moreover, their Theorem 3 characterizes stop-loss order using the distortion functional in a way dual to the classical characterization (SLI)-(SL3) based on the expected value functional. Finally, the author is grateful to A. Miiller for pointing out an error m the elementary proof of Section 3.2.
